A projective plane of order 16 is constructed. It is a translation plane and appears to be new. The representation of the collineation group on the axis of the plane has a normal subgroup isomorphic to L, (2) with factor group isomorphic to S, . The orbits of this representation have lengths 14 and 3. If two points in the latter orbit are chosen to define a sharply doubly transitive set of permutations, the permutations from the multiplicative loop generate a group isomorphic to A, . The plane is of Lenz-Barlotti class IVa. 1. M
The paper consists of two sections and an appendix. The construction of the plane and the computation of its collineation group depend on certain algebraic results. There is a strict division between the two sections. The first contains these algebraic results without any mention of the new plane and the second contains the definition and properties of the new plane. Finally, in the appendix we show that the plane is new.
The author is indebted to Professor Jill Yaqub for her suggestions about the presentation of this paper.
ALGEBRAIC PRELIMINARIES
The projective plane of order 2 contains 7 points and 7 lines. Each line contains 3 points and each point lies on 3 lines. If we take the points as the numbers 1, 2,..., 7 we may take the lines as the following triples of points: {1,2,3), {3,4, 51, {5, 6, 11, il, 7,41, {3,7,6) , {5,7,2), {2, 4, 6) . From these lines we define a set A4 of 15 permutations on the numbers 1, 2,..., 7 as follows: LEMMA 1. If m = (abc) is a 3-cycle of M then nz-lM contains 1, (ebc), (ucb) and twelve Scycles.
The proof is omitted. We will make use of the following results:
(1) The alternating group A, is isomorphic to the group L4(2) of all nonsingular linear transformations of the four-dimensional vector space V,(2) over the field with 2 elements. See p. 290 of L. E. Dickson [2] .
(II) In the representation of A, given in (I) a subgroup of A, fixing one of the 8 symbols and isomorphic to A, acts doubly transitively on the 15 non-zero vectors of V, (2) . A proof of this may be found in the Appendix of A. Wagner [8] , where it is attributed to N. Ita.
As the properties of the isomorphism in (I) do not seem to be well documented, we will assume only the results stated in (I) and (II) and we will develop further properties as they are needed.
Throughout the paper we will adopt the following conventions. A, will refer to the alternating group acting on the symbols 1, 2,..., 7. We will regard it as a fixed subgroup of the alternating group A, acting on the symbols 1,2,..., 8. The groups As and L,(2) will be regarded as identical, i.e., we will identify them using a fixed isomorphism between them. This means that elements of L4(2) are at the same time permutations on 8 symbols and permutations of the 15 non-zero vectors of V, (2) . As we do not need the latter representation explicitly we will refer to members of L,(2) by their names in A, . For example, if we refer to "the permutation (123) of L*(2)," we mean that it is a 3-cycle as a member of A, , not that it acts as a 3-cycle on the non-zero vectors of 1/, (2) .
Throughout we will be regarding L, (2) in its projective representation on the 15 non-zero vectors of the vector space V, (2) .
The first result about L,(2) that we will need is given by LEMMA 2. 3-cycles and 5-cycles of Asfix no non-zero vector of V4(2).
Proof. The stabilizer of a point of L,(2) acting on the 15 non-zero vectors of V,(2) has order 14. 12. 8. Hence it cannot contain an element of order 5 so that the 5-cycles can fix no non-zero vector. Now consider A, acting doubly transitively on the 15 non-zero vectors of v, (2) .
As 15 is prime to 7 and the stabilizer in A, of any two non-zero vectors has order 12, each 7 cycle of A, fixes exactly one non-zero vector. Because of this any element of A, which normalizes a subgroup of order 7 must fix at least one of the 15 non-zero vectors. If F is the field of order 7, the transformations of F given by
form a group of 21 even permutations of F. We may assume they form a subgroup of A,. If a # 0, 1 the transformation
acts as a product of two disjoint 3-cycles on Fand normalizes the subgroup of order 7 consisting of the translations x-+b+x of F. It thus fixes at least one of the 15 non-zero vectors of V,(2) and as its order is 3 it fixes a multiple of 3 of them. On the other hand A, is a subgroup of L,(2) and so acts linearly on V, (2) . The number of non-zero vectors that an element of A, can fix is thus 1, 3, 7, or 15. Hence the above product of two 3-cycles fixes exactly 3 symbols. The elements of A, which are products of two disjoint 3-cycles form a conjugacy class of order 280. As A, acts doubly transitively on the non-zero vectors of Vd(2), the stabilizer of any two of these vectors contains a fixed number, say (Y, of the 280 elements. 01 is the solution of the equation ; 15 * 14 . ; = 280 and so oi = 8. A group of order 12 cannot have more than 8 elements of order 3 so that among the elements of A, of order 3 only the products of two disjoint 3-cycles fix more than one symbol. But a 3-cycle of A, has order 3 and must fix a multiple of 3 of the 15 non-zero vectors. Hence it must fix none of them. This proves Lemma 2.
The group of translations x+b+x of the vector space V,(2) will be denoted by T. If L is a set of linear transformations of V,(2) we can form a "semidirect product" TL of T and L as follows
where [b,f] : V4(2) -+ V,(2) is the mapping given by
i.e., [b, f] is the composite of the functionfand the translation
x+b+x.
An important property of such a set TL is given by LEMMA 3. If L is a subset of V,(2), then TL normalizes T.
The proof is straightforward. THEOREM 1. TM is a sharply doubly transitive set of permutations on the set V, (2) .
Proof. T acts transitively on V4(2) and the stabilizer of 0 in TM is M. It is sufficient to prove that M acts sharply transitively on the non-zero vectors of V4(2) because M normalizes T. Suppose m, n E M and m(v) = n(v) for some non-zero vector v of V, (2) . Then m-'n(v) = v. By Lemma 1, m-ln is 1, a 3-cycle or a 5-cycle. By Lemma 2 it is not a 3-cycle or a 5-cycle. Hence m-'n = 1 and m = n. As M contains 15 members, we have the result.
This proves Theorem 1. THEOREM 2. The group generated by TM is TA, .
Proof
It is sufficient to prove that M generates A, . Suppose that (abc) is a 3-cycle on 1, 2,..., 7. Referring to our original construction of M from the projective plane of order 2 we see that a 3-cycle (xbc) must occur in M for some x = 1,2,..., 7. For the same reason a 3-cycle (yax) must occur in M for some y = 1,2,..., 7. But (yxa)(xbc)(yax) = (abc) and so the group generated by M contains every 3-cycle. Hence this group is A,.
Our next theorem gives the facts it will be necessary to know about M: (iii) If' (abc), (ade) are 3-cycles of A, with a, b, c, d, e all difSerent, then in L,(2) (abc) + (ade) is an element of the ,form (12)(34)(567) and has minimalpoIynomial 1 + x2 + x4.
(iv) In L,(2) the normalizer of M is the subgroup of A, which is the group of collineations qf the projective plane qf order 2 used to define M. It is isomorphic to L,(2) and acts sharply transitively on the 168 ordered pairs (r, s) qf members r, s oj'M with 1 f r. r-l # s # 1.
Proqf
(i) As 1 E M, gh E A4 and so gh = I or gh is a 3-cycle of A, . Suppose gh == r, a 3-cycle. Then h-lMh = r-lM.
However, h-lMh consists only of the identity and elements of order 3 and, by Lemma 1, r-lM contains 5-cycles. This is not possible so that gA = 1.
(ii) Consider the 3-cycle r = (abc) acting on V, (2) . If v is any vector of V,(2), r fixes the vector v -t r(v) + r2(v).
But, by Lemma 2, r fixes only the zero vector in V, (2) so that this vector is zero. As this is true for every v in V,(2), we deduce that l+r++==O.
As the polynomial 1 + x + x2 is irreducible over the field of order 2, it follows that this polynomial is the minimal polynomial of the 3-cycle. Now consider a 5-cycle. As it has order 5, it is a zero of the polynomial
Over the field of two elements this polynomial factors into
as a product of irreducible polynomials. As a 5-cycle fixes no non-zero vectors by Lemma 2 the characteristic and minimal polynomials of the 5-cycle are both
(iii) We first consider the unordered pairs of 3-cycles (ubc), (ade) with a, b, c, d, e all different. The number of these is 3360 and A, acts on them by conjugation. The centralizer of (ubc) in A, is ( where S, is the stabilizer of a, b, c in A, and the centralizer of (ude) in A, is where SZ is the stabilizer of a, d, e. The intersection of these two centralizer is the stabilizer of a, b, c, d, e which has order 3. The permutation (bd)(ce) interchanges (ubc) and (ude) Hence, by Lemma 2, v = 0. As in the proof of Lemma 2, an element of A, of the form (123)(456) fixes 3 non-zero vectors. As (12)(34) and (12)(34) (56)(78) are both involutions they must fix at least one of the non-zero vectors. Hence (ubc) + (ude) is a 3-cycle or an element of the form (12)(34)(567). Suppose that it is a 3-cycle and write (ubc) = m, (ade) = n. From (ii) of this lemma, m + n is then a zero of the polynomial
We deduce that and hence that mn +nm=l mnmn = n + 1 = n2.
Hence mnm = n, which is easily seen to be incorrect. Thus (ubc) + (ade) is an element of A, of the form (12)(34)(567).
It remains to calculate the minimal polynomial of a sum like (ubc) + (ade). Suppose this sum is (12)(34)(567). Then it is a zero of the polynomial 1 + x6 which factors into irreducible polynomials as
over the field of order 2. As such a sum fixes no non-zero vector and an element of L,(2) with minimal polynomial 1 + x + x2 is a zero of 1 + x3, it follows that the minimal and characteristic polynomials are both (1 + x + x2)2 = 1 + X2 + x4. The collineation group in A, of the plane of order 2 referred to consists of those permutations of A, which map the lines of the plane into themselves. It is thus easily seen thatf normalizes M if and only if it is a collineation of the plane. It is well known that the full collineation group of the plane is isomorphic to L, (2) and is a subgroup of A, . Now L,(2) has order 168 which is the number of ordered pairs (7, s) with r, 9 members of M and 1 f r, r-l # s # 1. Suppose that (r, s) is such a pair and is fixed by the collineation ,f of the plane of order 2. If r = (ubc) and s = (de), we have (ubc) = (f(u) f(b) f(c)), @de) = (f(u)f(d>f(e)).
Hence f fixes a, b, c, d, e and it is easily seen that f must then fix the other two points of the plane. Hence the group L,(2) acts sharply transitively as required.
Finally, as A, is its own normalizer in A, and M generates A, by Theorem 3, the normalizer of M in A8 lies in A, .
THE PLANE AND ITS COLLINEATION GROUP
In this section we show how the set TM determines a projective plane 7r and calculate its collineation group.
We construct rr by listing its points and lines and describing the incidences that occur: First rr is to have a line L which contains two points A and B and 15 other points which are to be named by the 15 permutations of M. Apart from L there are to be 16 lines through each of A and B and we name each of these sets by the 16 vectors of V, (2) . Apart from the points of L there are to be 256 points which will be named by the 256 ordered pairs (u, v) of members U, v of V, (2) . Apart from the lines through A and B there are 240 lines which will be named by the 240 permutations of TM. Suppose U, 2, lie in V, (2) There is a straightforward procedure based on Theorem 5.2 of Marshall Hall [4] which shows that 7~ is a projective plane.
There is a point of L named by the permutation 1 of M. For convenience we will also call this point C.
Our first classification result for 77 is THEOREM 4. 7~ is a translation plane which is not Desarguesian. Its axis is L.
Proqf. Following [l, p. 1311 we show first that n is (L, L) transitive. If u1 , u2 is a pair of elements of V,(2) we define a permutation of the points of rr as follows: each point of L is fixed; the point (u, V) not lying on L is mapped onto the point (U + u1 , v + ~3. It is easy to show that this mapping is a collineation of r which is a translation. The existence of the 162 collineations like this establishes r as a translation plane. Because we showed in Theorem 2 that the group generated by TM is not TM itself the plane cannot be Desarguesian.
This proves Theorem 4.
Because rr is a translation plane which is not Desarguesian its axis L is fixed by every collineation of the plane. Hence the collineation group of rr has a natural representation as a permutation group on L and our collinea-tion theorem, Theorem 5, is given in terms of this representation. The translations lie in the kernel of this representation and we will see that they are the only collineations which do. THEOREM 5. Let G be the representation of the collineation group oJ'n on the axis L of rr. Then G has a normal subgroup N such that the following hold:
(I) N is isomorphic to L, (2) . Nfixes 3 points and is the stabilizer in G of any two of these points. The remaining 14 points may be coupled in such a way that N acts sharply transitively on the 168 ordered pairs (r, s) with r, s not coupled.
(II) G has two orbits, the 3jixedpoints of N being one and the remaining 14 points of the line the other.
(III) G/N has a naturaI representation as a permutation group on the 3fixedpoints of N. As such it is isomorphic to the symmetric group on these three points.
Moreover, the only collineations of rr which fix every point of L are the translations.
Proof. It follows from Theorem 5.3 of Marshall Hall [4] that the group of collineations of the plane fixing A and B is given by the group of all pairs (x, y) of permutations of Vd(2) with the property xTMy-l = TM. Multiplication of pairs is taken elementwise with the pair on the right operating first. (This notation is the opposite of that in [4] where the pair on the left operates first.)
Suppose that (x, y) is such a pair. As 1 E TM, xy-l E TM, say xy-l = vr, v E T, r E M. Then yTMy-l = r-klTM = T(r-lM) as v lies in the group T and, by Lemma 3, r normalizes T. Now T _C TM so that yTy-l C T(r-lM). As T consists only of 1 and involutions the only possibility is yTy-l = T and so y lies in the normalizer TL,(2) of T. As x = vry also x E TL, (2) . Suppose that x = uxl , y = wyl with u, w E T and x1 , y1 E L, (2) . From the equation xTMy-l = TM we deduce T(x,My;') = TM and, as x,My;l and A4 are the stabilizers of the zero vector in these two sets, respectively, we have x,My;' = M. Hence, from Theorem 3, x1 = y, and the collineation (x, y) is a product of the translation (u, w) and the collineation (x1 , x1) so that the effects of the collineations (x, y) and (xl, x1) on the points of L are the same. As x,Mx;' = M, (xl , x1) permutes the lines of the plane named by the permutations of M among themselves according to the rule r -+ xlrx;'. With the notation established earlier it induces the same permutation of the points of L -{A, B}. We see now that the stabilizer of A and B in G acting on M is the normalizer PLANE OF ORDER 16 343 of M in L,(2) also acting on M. From Theorem 3, we see that this group is isomorphic to L, (2) and, if we couple the points of L -{A, B, C} so that each point is coupled with its inverse in M, the group acts sharply transitively on the pairs (r, s) with r and s not coupled. Also each permutation of the group fixes 1 E M so that the point C is fixed by each of them. Denote this group acting on the 17 points of L by N. When we establish that N is also the stabilizer of A, C and B, C in G we will have proved Theorem 3(I).
We now begin to consider the collineations of the plane which do not leave A and B hxed. First, as M-l = M and M normalizes T we have (TM)-l = TM. Hence there is a collineation of r which interchanges A and B and maps the remaining points of L onto the points named by their inverse in M. In particular C, named by 1 in M, is left fixed by this collineation.
We show next that there is a collineation fixing A and interchanging B and C. Recall that C has been named by the permutation 1 of M and that the lines of 7~ passing through C but different from L have been named by the permutations [b, l] of TM.
Consider the sharply doubly transitive set R of permutations obtained from A and C in place of A and B. We take the lines of r through A labeled as before and label the line Hence the permutation [w, l] lies in R for each w of T, i.e., T C R.
Combining these two results we have R = TM and so there is a collineation fixing A and mapping B onto C. As the permutation 1 corresponds to the points C and B in the two cases, the collineation takes C onto B.
We have now found collineations fixing C and interchanging A and B and fixing A and interchanging B and C. Because of the existence of the second we see that Nis the stabilizer in G of A and C. Now the restrictions of both these collineations to L normalize N and the group generated by the two restrictions acts on A, B, C as the symmetric group S, .
If we can now show that r has no further collineations than those considered so far we will have established Theorem 3. We now proceed to do this.
Consider the sharply doubly transitive set R of permutations constructed from the point A [4] there must be a pair (x, y) of permutations of V, (2) such that TM = xRy-l. Then xTPy-1 _C TM. The argument now proceeds as in the second paragraph of this proof. We obtain xy-r E TM and x, y E TL, (2) . Hence x = uxl , y = wyr with U, w E T and x1 , y, E L, (2) . Also x, y;' E M and x,Py;' C M. Then P _C y;'((xr y;')-l M) y1 . From Lemma 1, we see that each element of P must have order 1, 3, or 5. But, from Theorem 3(iii), P contains elements of order 6. This contradiction establishes that there is no collineation of the plane fixing A and mapping B onto the point of L named by n.
Next we investigate the sharply doubly transitive set R of permutations that is obtained by considering in place of A and B the points of L named by two 3-cycles n and n2 = n-l of M. Suppose that m is a member of M -{n, n"}. For each u E Va (2) Finally the preceding part of the proof shows that no other ordered pair is possible. Hence the length of the orbit is 168 + 6 = 174. Hence the group G has a subgroup of index 174. As G is a subgroup of the symmetric group on 17 symbols and 29 divides 174, this is not possible.
This establishes the first three parts of Theorem 5 and it remains to show that the only collineations of n fixing every point of L are the translations. Suppose there is such a collineation. Following Theorem 5.3 of [4] we see that, because it fixes A and B, its effect on the lines of rr labeled by the members of TM is given by a mapping for 01 E TM and where x and y are two permutations of vd (2) . As in the second paragraph of this proof we obtain X, y E T&(2). However, the collineation fixes every point of L and so the mapping a! --f xc+ takes a point m of M onto a member of the coset Tm. In the factor group L,(2)/T we see that the mapping induces the identity mapping on the group TA, generated by TM. As the mapping fixes the coset T we have xy-l E T and hence the mapping on ,$(2)/T is given by conjugation in this factor group. But the centralizer of A, in L,(2) = A, is 1 and so the induced mapping is given by conjugation by the identity. Hence x, y E T and so the given collineation is a translation.
This completes the proof of Theorem 5.
In the classification of r using the notation of Lenz and Barlotti (see P. Dembowski [l, p. 124]), we have THEOREM 6. 7~ is of Lenz-Barlotti class IVa. 1.
Proof. Because the collineation group of r has orbits of lengths 3 and 14 on the axis L, 7~ cannot be (p, A) transitive for any point p of L and line A different from L. Hence r is (p, A) transitive only for A = L and p E L, i.e., n is of Lenz-Barlotti class IVa. 1.
APPENDIX
In this appendix we will show that the plane we have defined is new. It is not a straightforward task to give a list of the known planes of order 16; they occur in such diverse places as computer printouts [5] and instances PLANE OF ORDER 16 347 of more general constructions [3] and [7] ) but we hope we have covered all possibilities. First, as n is of Lenz-Barlotti class IVa. 1, it is not a near-field or semifield plane.
From Theorem 5 we know that the only collineations fixing all points on the axis of n are the translations. Hence the kernel of n has order 2, so that r is not the plane of Kleinfeld [5] which is not a semifield plane for that plane has kernel of order 4.
n is not one of the generalized Andre planes of Foulser [3] because 5 is a prime 2-primitive factor of 15 and the order of the collineation group of 7r is not divisible by 5. See Theorem 5.1 of T. G. Ostrom [6] .
Finally we show that 7~ is not one of the translation planes constructed from a semifield plane as in [7] . Suppose the contrary. As n is a translation plane which is not a semifield plane, it is not the dual of a translation plane. Hence, from [7, p. 3011, the translation affine plane of m is derivable from the affine space r0 co-ordinatized by a semifield. From [I, p. 2241, we see that every collineation of this affine plane which fixes every parallel class induces a collineation of 7~ which leaves every point of the axis L of Zfixed. Now each of the two semifields of order 16 has a kernel of order 4 and so the affine plane r,, has a collineation of order 3 which leaves each parallel class fixed. Reference to the construction of derived planes (see, for example, [l, p. 2231) shows that the induced collineation in 7r cannot be the identity and so 7r has a collineation of order 3 fixing each point on the axis. This contradicts Theorem 5. (The argument in this paragraph is essentially due to Professor Yaqub.)
